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SUMMARY 
Previous attempts t o  p red ic t  t h e  t r a n s i e n t  acous t i c  pressure  pulse a t  long 
hor izonta l  d i s tances  from l a rge  explosions i n  t h e  atmosphere have adopted a 
model atmosphere bounded above by a ha l fspace  of  f i n i t e  sound speed and have 
represented t h e  waveform as a superposit ion of cont r ibu t ions  from d i spe r s ive ly  
propagating guided modes. Certain modes a t  low frequencies decay exponentially 
(leaking modes) with increas ing  propagation d is tance .  
has  been t o  neglec t  t h e  cont r ibu t ions  from such modes i n  such frequency ranges. 
The lower frequency cu to f f s  f o r  such modes are extremely s e n s i t i v e  t o  the  
nature of  t h e  upper ha l f space  i n  cont rad ic t ion  t o  t h e  reasonable supposit ion 
t h a t  energy ducted i n  t h e  lower atmosphere should be i n s e n s i t i v e  t o  t h e  
assumed form of t h e  upper halfspace.  In t h e  present  paper t h e  ove ra l l  problem 
is  reexamined with account taken of  po les  o f f  t h e  r e a l  ax i s  and of branch l i n e  
i n t e g r a l s  i n  t h e  general  i n t e g r a l  governing t h e  t r a n s i e n t  waveform. Perturba- 
t i o n  techniques a r e  described f o r  t h e  computation of  t he  imaginary ord ina te  of 
t h e  poles and numerical s t u d i e s  a r e  described f o r  a node1 atmosphere terminated 
by a halfspace with c = 478 m/sec above 125 km. For frequencies less than 
0.0125 rad/sec,  t h e  G R 1  mode, f o r  example, i s  found t o  have a frequency 
dependent amplitude decay of t h e  order  of nepers/km. Examples o f  
numerically synthesized t r a n s i e n t  waveforms are exhib i ted  with and without t h e  
inc lus ion .o f  leaking modes. The inc lus ion  of  leaking modes r e s u l t s  i n  wave- 
forms with a more marked beginning r a t h e r  than a low-frequency o s c i l l a t i n g  
precursor of gradually increasing amplitude. Also, t h e  rev ised  computations 
i n d i c a t e  t h a t  waveforms inva r i ab ly  begin with a pressure  r ise ,  a r e s u l t  
supported by o t h e r  t h e o r e t i c a l  considerations and by experimental da ta .  
The p r a c t i c e  up t o  now 
INTRODUCTION 
One o f  t h e  standard mathematical problems i n  acous t i c  wave propagation i s  
t h a t  of  p red ic t ing  t h e  acous t i c  f i e l d  a t  l a rge  hor izonta l  d i s tances  from a 
loca l i zed  source i n  a medium whose p rope r t i e s  vary with he ight  only. This 
problem, as w e l l  as i t s  counterpart  i n  electromagnetic theory, has received 
considerable a t t e n t i o n  i n  t h e  l i t e r a t u r e  ( r e f .  1) , i s  reviewed ex tens ive ly  i n  
various t e x t s  ( r e f s .  2-7), and, f o r  t h e  most p a r t ,  may be considered t o  be 
well understood. 
A t y p i c a l  formulation of t h e  t r a n s i e n t  propagation problem (refs: 8,9) 
leads ( a t  s u f f i c i e n t l y  l a rge  hor izonta l  distance r) t o  an intermediate r e s u l t  
* 
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which expresses t h e  acous t i c  pressure  as a double Fourier i n t e g r a l  over angular 
frequency w and ho r i zon ta l  wave number k so t h a t  
W A  co 
J [Q/D(w, k) ] eikrdkdu). (1) - i w t  p = S ( r )  R e  { I  f(w)e 
0 -co 
Here S( r )  is  a geometrical spreading f ac to r ,  which 2s l/& f o r  ho r i zon ta l ly  
s t r a t i f i e d  media and 1/ [aesin(r/ae)] i f  t h e  e a r t h ' s  curvatgre (ae = rad ius  
of ear th)  i s  approximately taken i n t o  account. The quan t i ty  f(w) is  t h e  
Fourier transform o f  a time-dependent function t h a t  cha rac t e r i zes  t h e  source. 
Q i s  a function o f  r ece ive r  and source heights zr and zs, respec t ive ly ,  as w e l l  
as of w and k, and poss ib ly  of t h e  hor izonta l  d i r e c t i o n  of  propagation i f  winds 
are included i n  t h e  formulation. 
no poles i n  t h e  complex k-plane when w i s  real  and pos i t i ve .  
In  any case, given zr and zs, Q should have 
The denominator 
D(w,k) (which i s  termed t h e  eigenmode d ispers ion  function) may be zero f o r  
c e r t a i n  values kn(w) of  k .  
The k i n t e g r a t i o n  contour for  Eq. (1) i s  chosen t o  l i e  along t h e  r e a l  
k-axis  except where it s k i r t s  below o r  above poles which l i e  on the  real ax i s  
(see Fig. l a ,  where branch l i n e s  a r e  i d e n t i f i e d  by s l a s h  marks, po les  are 
ind ica ted  by dots ,  and t h e  k in t eg ra t ion  contour is  marked by arrowheads t h a t  
show t h e  d i r e c t i o n  o f  i n t e g r a t i o n ) .  Let i t  s u f f i c e  here t o  say t h a t  t h e  p lac ing  
o f  branch cu t s  and t h e  s e l e c t i o n  o f  t h e  contour must be such t h a t  t h e  expression 
f o r  t h e  acous t i c  pressure  d i e s  out  at long d is tance  as long as a small amount 
o f  damping i s  included i n  t h e  formulation. 
formulation arises when. t h e  contour i s  deformed [permissible because of  Cauchy's 
theorem and o f  Jordan's lemma ( r e f .  l o ) ]  t o  one such as i s  sketched i n  Fig. l b .  
The poles ind ica ted  the re  above t h e  i n i t i a l  contour are enc i rc led  i n  the  
counterclockwise sense,  and the re  are contour segments which e n c i r c l e  ( a l so  i n  
t h e  counterclockwise sense) each branch cu t  t h a t  l ies  above t h e  r e a l  ax i s .  
The i n t e g r a l s  around each pole  a r e  evaluated by Cauchy's res idue  theorem so 
t h a t  what remains i s  a sum o f  residue terms p lus  branch l i n e  i n t e g r a l s .  
res idue  term i s  considered t o  correspond t o  a p a r t i c u l a r  guided mode of 
prop agat i on. 
w a s  t o  neglect cont r ibu t ions  from poles [i.e.,  t he  kn(w)] which were located 
above t h e  real k-axis ( r e f s .  8,9). The thought behind t h i s  omission was t h a t  
most o f  t h e  cont r ibu t ions  i n  t h e  synthes is  o f  waveforms f o r  long propagation 
d is tances  would come from poles  which were on t h e  real k-axis.  
approximation was t h a t ,  f o r  long d is tances ,  t h e  cont r ibu t ion  from branch l i n e  
i n t e g r a l s  could be neglected as well. Given these  two approximations, t h e  
The guided-mode descr ip t ion  i n  t h e  
Each 
One approximation t h a t  was previously made i n  t h e  guided-mode formulation 
Another 
expression f o r  t h e  acous t i c  pressure  i n  Eq. (1) can be approximated as follows: 
%n 
p = C S ( r )  J An(@) cos[wt - kn(w)r + @,(w)] dw, 
Ln n w 
where A,(w) and +,(w) are defined i n  terms of  t h e  magnitude and phase of t h e  
res idues  of  t h e  integrand i n  E q .  (1) and t h e  kn(w) are t h e  real roo t s  for  
D(w,k) (which are numbered i n  some order with n = 1,2,3, e t c . ) .  I t  i s  under- 
stood t h a t  i n  Eq. ( 2 ) ,  f o r  any given n, kn(w) should be a continuous function 
o f  w between t h e  l i m i t s  uLn (lower) and uUn (upper). 
i t  should be poss ib le  t o  eva lua te  t h e  r e s u l t a n t  i n t e g r a l  over w approximately 
With t h i s  understanding, 
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by t h e  method of s t a t i o n a r y  phase o r  by some numerical method. 
t h e r e  i s  a s e t  of  circumstances i n t r i n s i c  t o  low-frequency in f r a son ic  propa- 
ga t ion  f o r  which they a r e  n o t  v a l i d ,  even f o r  d i s t ances  of propagation of 
more than 10,000 km. I t  is  these  circumstances and t h e i r  r e l a t i o n  t o  the  
a n a l y t i c  syn thes i s  o f  guided-mode atmospheric i n f r a s o n i c  waveforms t h a t  are 
o f  c e n t r a l  i n t e r e s t  i n  t h i s  discussion.  
In  s p i t e  o f  t h e  seeming p l a u s i b i l i t y  o f  t h e  above two approximations, 
t 
SYMBOLS FREQUENCY USED 
defined i n  Eqs. (6) 
sound speed f o r  upper ha l f space  
sound speed as a funct ion of he igh t  
eigenmode d i spe r s ion  funct ion def ined i n  Eq. (5) 
def ined i n  Eq. ( 3 )  
g r a v i t a t i o n a l  modes 
ho r i zon ta l  wave number and i t s  imaginary and real p a r t s ,  
r e spec t ive ly  
ordered r o o t s  of  D(w,k) 
acous t i c  pressure  
ho r i zon ta l  d i s t ance  o f  propagat 
[1,1] and [ 1 , 2 ]  elements of  t h e  
r e spec t ive ly  
t ime 
phase v e l o c i t y  (w,k) 
complex phase ve loc i ty  obtained 
r o o t s  of R11(w,v) and RI2(w,v), 
r o o t s  o f  D(w,v) 
he igh t  
on 
t ransmission matr ix  [R],  
by first i t e r a t i o n  with Eq. (sa) 
r e spec t ive ly  
he ight  o f  bottom o f  upper ha l f space  
de r iva t ives  o f  R 1 1  and R12 with r e spec t  t o  v, r e spec t ive ly ,  and 
evaluated a t  va and vb, r e spec t ive ly  
amb i e n t  dens i ty  
angular  frequency 
c h a r a c t e r i s t i c  f requencies  used i n  Eq. ( 3 )  
cu to f f  po in t  i n  t h e  (w,v)-plane f o r  a non-leaking mode. 
INFRASONIC MODES 
An atmospheric model t h a t  i s  f requent ly  adopted i n  s t u d i e s  of infrasound 
i s  one i n  which t h e  sound speed c(z)  va r i e s  cont inuously with he ight  z i n  some 
reasonably r e a l i s t i c  manner up t o  a spec i f i ed  he ight  ZT and is  constant  (value 
CT) f o r  a l l  he ights  exceeding zT ( see  Fig. 2 ) .  Should winds be included i n  
t h e  formulation, t h e  wind v e l o c i t i e s  are a l s o  assumed t o  be constant  i n  t h e  
upper halfspace z > z . I t  would seem reasonable  t o  say t h a t  t h e r e  is  some 
choice i n  spec i fy ing  The values  f o r  both zT and cT, even though t h e  computa- 
t i o n s  of such f a c t o r s  as Q and D(w,k) i n  Eq. (I) become more ,lengthy with 
increas ing  zT. 
CT t o  be c(zT) so t h a t  t h e  sound-speed p r o f i l e  would then be continuous with 
he igh t .  I n t u i t i v e l y ,  it would a l s o  seem t h a t  i f  t h e  source and r ece ive r  are 
both nea r  t h e  ground and i f  t h e  energy a c t u a l l y  reaching t h e  r ece ive r  t r a v e l s  
Whatever t h e  choice o f  zT, it would seem reasonable  t o  choose 
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v i a  modes o f  propagation channeled pr imar i ly  i n  t h e  lower atmosphere, then t h e  
a c t u a l  value of t h e  i n t e g r a l  i n  Eq. (1) would be somewhat i n s e n s i t i v e  t o  t h e  
choices of  ZT and CT. 
r igorous sense. I n  t y p i c a l  ca l cu la t ions  performed i n  t h e  pas t ,  ZT was taken 
as 225 km, and CT was taken as t h e  sound speed (z 800 m/sec) a t  t h a t  a l t i t u d e  
( re f .  8). 
t o  infrasound €or frequencies a t  which g r a v i t a t i o n a l  e f f e c t s  a r e  important 
(corresponding t o  periods g r e a t e r  than one t o  f i v e  minutes) is based on t h e  
equations of  f l u i d  dynamics with t h e  inc lus ion  o f  g r a v i t a t i o n a l  body forces ,  
t h e  assoc ia ted  nea r ly  exponential decrease of ambient dens i ty  and pressure with 
he ight ,  and a loca l ized  energy source. 
incorporation o f  g r a v i t a t i o n a l  e f f e c t s  i n  t h i s  formulation leads t o  a d isper -  
s ion  r e l a t i o n  fo r  plane waves propagating i n  the  upper halfspace which i s  
(winds neglected) ( r e f s .  8 ,s )  
This  idea ,  however, remains t o  be j u s t i f i e d  i n  any 
The formulation leading t o  t h a t  version of Eq. (1) which is appropriate 
When cT is taken t o  be f i n i t e ,  the 
where t h e  so lu t ion  of  t h e  l i nea r i zed  equations of f l u i d  dynamics f o r  z > ZT 
i s  of t h e  form 
i k z z  - i w t  ,ikx e p / J r  0 = (Constant) e (4) 
I n  these  equations p is  again t h e  acous t ic  pressure,  po i s  ambient dens i ty ,  x 
is the  hor izonta l  space dimension, and k, is  t h e  ver t ical  wave number ( a l t e r -  
na t ive ly  wr i t t en  as i G  f o r  inhomogeneous plane waves). 
c h a r a c t e r i s t i c  frequencies (wA > w ) f o r  wave propagation i n  an lsothermal 
atmosphere where WA = (y/2)g/cT a n i  wB = (y - 1 ) l l 2  g/cT (g y 9.8 m/sec2 is  
the  acce lera t ion  due t o  g r a v i t y  and y x 1.4 i s  t h e  s p e c i f i c  hea t  r a t i o  f o r  a i r ) .  
The values of  k (pos i t i ve  and negative) a t  which G2 is  zero tu rn  out t o  be t h e  
branch poin ts  i n  t h e  k in t eg ra t ion  i n  Eq. (1). 
and downwards from t h e  p o s i t i v e  and negative branch poin ts ,  respec t ive ly  
( r e c a l l  Fig. 1 ) .  
The eigenmode d ispers ion  function D(w,k) i n  t h e  case of atmospheric 
infrasound can be  wr i t t en  i n  t h e  general form ( r e f .  8) 
wA and uB are two 
The branch l i n e s  extend upwards 
I n  t h i s  expression, Rll  and R12 a r e  the  elements of's transmission matrix [R].  
They depend on t h e  atmospheric proper t ies  only i n  t h e  a l t i t u d e  range zero t o  
z , and are independent o f  what is assumed f o r  t h e  upper halfspace.  In general ,  
t ; f e i r  determination r equ i r e s  numerical i n t eg ra t ion  over he ight  of  two simul- 
taneous ordinary d i f f e r e n t i a l  equations [termed t h e  r e s idua l  equations ( r e f s .  
8,9,11)]. They do depend on w and k (or ,  a l t e r n a t e l y ,  on w and phase ve loc i ty  
v = w/k), but are f r e e  from branch cu ts .  The o the r  parameters A 1 2  and A 
depend on t h e  p r o p e r t i e s  of t h e  upper ha l f space ,  and on w and k .  A 1 1  anA1Al2 
are given (winds excluded) as 
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I t  may be noted t h a t ,  s ince  every quan t i ty  i n  Eq. (5) (with t h e  poss ib l e  
exception of G) i s  real when w and k are real, t h e  poles  t h a t  l i e  on t h e  real 
k-axis ( r e c a l l  t h a t  they  are t h e  real roo t s  of D) must be i n  those  regions of  
t h e  (w,k)-plane [or,  a l t e r n a t i v e l y ,  t h e  (w,v)-plane] where G2 > 0. Since a t  
height; above ZT, t h e  integrand o f  Eq. (1) divided by 6 should vary with z 
as e 
modes t h a t  correspond t o  t h e  above poles.  Such modes are termed f u l l y  ducted 
modes. Modes f o r  which t h e r e  i s  leakage of energy are termed leaking. If D 
i s  considered as a function o f  w and phase ve loc i ty  v, t h e  locus of i t s  real 
roots  v(w) (d ispers ion  curves) has [as has been found by numerical computation 
with the  program INFRASONIC WAVEFORMS ( re f .  S ) ]  t h e  general  form sketched i n  
Fig. 3. The nomenclature f o r  labe l ing  t h e  modes (GR f o r  g rav i ty ,  S' fo r  sound) 
is  due t o  Press and Harkrider ( r e f .  12).  I t  may be noted from Eq. ( 3 )  t h a t  
t he re  a r e  two "forbidden regions" (slashed i n  t h e  f igure)  i n  the  (w.v)-plane. 
Within these  regions these  are no r e a l  roo t s  of t h e  function D(w,v) because G 
i s  imaginary. 
implies t h a t  t h e  phase v e l o c i t i e s  f o r  propagating modes a re  always l e s s  than 
t h e  sound speed chosen f o r  t h e  upper halfspace.  
ve loc i ty  "forbidden region" appears t o  be due t o  t h e  incorporation of g rav i t a -  
t i o n a l  e f f e c t s  i n t o  t h e  formulation. 
i n f i n i t y ,  t h e  lower "forbidden region" disappears.  Thus, it can be seen t h a t  
t h e  f u l l y  ducted GRO and GR1 modes both have a low-frequency cutoff [ w ~  i n  Eq. 
(2)]  which depends on cT. 
cu tof f  frequency becomes. 
A t  t h i s  po in t ,  t h e r e  should appear t o  be t h e  following paradoxes. 
t h a t  frequencies below wB may be important f o r  t h e  syn thes i s  of a waveform, an 
apparently p l aus ib l e  computational scheme based on t h e  reasoning leading t o  
Eq. (2)  w i l l  omit much of t h e  information conveyed by such frequencies. Also, 
i n  s p i t e  of  t h e  p l a u s i b l e  premise t h a t  energy ducted pr imar i ly  i n  t h e  lower 
atmosphere should be i n s e n s i t i v e  t o  t h e  choice f o r  CT, it can be seen t h a t  
t h i s  choice governs t h e  cu tof f  frequencies f o r  c e r t a i n  modes and t h a t  c e r t a i n  
important frequency ranges could conceivably be omitted by a seemingly log ica l  
choice f o r  cy. 
of  t h e  approximations made i n  going from Eq. (1) t o  Eq. (2).  The latter 
equation may not  be as nea r ly  co r rec t  as e a r l i e r  presumed, and it may be 
necessary t o  include cont r ibu t ions  from poles o f f  t h e  real ax i s  as w e l l  as from 
t h e  branch l i n e  i n t e g r a l s .  Even f o r  t h e  case when t h e  propagation d is tance  r 
i s  very long, it may be t h a t  t h e  imaginary p a r t s  of t h e  complex hor izonta l  wave 
numbers a r e  so  small t h a t  t h e  magnitude of e l k r  i n  Eq. (1) i s  s t i l l  not small 
compared t o  uni ty .  In addi t ion ,  a branch l i n e  i n t e g r a l  may be appreciable i n  
magnitude a t  l a rge  r i f  t h e r e  i s  a po le  r e l a t i v e l y  c lose  t o  t h e  assoc ia ted  
branch cu t .  
T ,  t h e r e  i s  no leakage of energy i n t o  t h e  upper ha l f space  f o r  those  
The ex is tence  o f  t h e  high-frequency upper "forbidden region" 
The low-frequency lower-phase- 
However, if CT is  allowed t o  approach 
In f a c t ,  t h e  l a rge r  cT becomes, t h e  smaller t h i s  
Given 
The r e s o l u t i o n  of  t hese  paradoxes seems t o  l i e  i n  t h e  na ture  
ROOTS OF THE DISPERSION FUNCTION 
In l i g h t  o f  t h e  paradoxes mentioned, it would be des i r ab le  t o  modify t h e  
so lu t ion  represented by Eq. (2) so as t o  remove t h e  apparent a r t i f i c i a l  low- 
frequency cu tof fs  of t h e  GRO and GR1 modes. 
t he  eigenmode d ispers ion  function D i n  t h e  v i c i n i t y  of  t h e  d ispers ion  curve f o r  
A s  a first s t ep ,  t he  nature of 
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a p a r t i c u l a r  mode i s  examined. The curve of  values vn(w) of 2hase ve loc i ty  v 
ve r sus  w for  a given (n-th) mode is known f o r  frequencies g r e a t e r  than the  low 
cu to f f  frequency WL. Given t h i s  curve, analogous curves va(w) and vb(w) can 
be found f o r  values of t h e  phase ve loc i ty  w/k a t  which t h e  functions Rll(w,v) 
and R12(w,v) i n  Eq. (S), respec t ive ly ,  vanish. 
curves vn(w), va(w), and vb(w) which has been checked numerically fo r  w > WI; 
(see Fig. 4) is  t h a t ,  f o r  a given mode of i n t e r e s t ,  t hese  curves a l l  l i e  
s u b s t a n t i a l l y  c l o s e r  t o  one another than t o  t h e  corresponding curves f o r  a 
d i f f e r e n t  mode. 
One c h a r a c t e r i s t i c  of t he  
D = 0 f o r  a s i n g l e  
sion, as 
Given t h e  d e f i n i t i o n s  above of va(w) and vb(w)y t h e  d ispers ion  r e l a t i o n  
mode may be approximately expressed, through a simple expan- 
D - "  
where a = dRll/dv, 
( f o r  s impl i c i ty ,  D 
than of w and k) . 
and 6 = dR12/dv, evaluated a t  v = va and vb, respec t ive ly  
i s  considered here  as a function of w and v = w/k r a t h e r  
The above equation may a l s o  be wr i t t en  i n  the  form 
where 
Eq. (sa) may be considered as a s t a r t i n g  po in t  fo r  an i t e r a t i v e  so lu t ion  which 
develops v i n  a power series i n  va - Vb. With v = va as the  zeroth i t e r a t i o n ,  
t h e  r i g h t  hand s i d e  o f  Eq. (sa) can be evaluated f o r  t h e  value of v required 
f o r  t h e  next i t e r a t i o n ,  etc. This i t e r a t i v e  procedure should converge provided 
t h a t  V a  o r  vb i s  not  near a po in t  a t  which G vanishes and provided t h a t  G i n  
t h e  v i c i n i t y  o f  va o r  Vb i s  no t  such t h a t  t h e  va r i ab le  X i s  c lose  t o  uni ty .  
Among o the r  l imi t a t ions ,  t h e  i t e r a t i v e  scheme i s  inappropr i a t e - fo r  those 
values of w i n  t h e  immediate v i c i n i t y  of wL. 
As an i l l u s t r a t i o n  of  t h e  pe r tu rba t ion  technique, d e t a i l e d  p l o t s  ( fo r  t h e  
GRo and GR1 modes) versus angular frequency a r e  given i n  Fig. 5 of w/k ( top 
por t ion  of  t h e  f igu re )  which i s  t h e  r ec ip roca l  of the  real a r t  of l / v b ) ,  and 
of k I  (bottom por t ion)  which i s  t h e  imaginary p a r t  of 
real and imaginary p a r t s  of  k, r e spec t ive ly ) ,  where v 
v('7 (kR and kI a re  the  
i s  t h e  r e s u l t  of first 
The values shown i n  Fig. 5 are appropri- 
i t e r a t i o n  f o r  t h e  phase v e l o c i t y  using Eqs. (8). 
t h e  corresponding cu tof f  frequencies. 
a t e  t o  t h e  case of  a U. S. Standard Atmosphere ( r e f .  8; see a l s o  Fig. 2) 
without winds which i s  terminated a t  a height of 125 km by an upper halfspace 
possessing a sound speed o f  478 rn/sec. 
t h e  agreement between vC1) and vn has proven t o  be exce l len t .  The w/kR serve  
as approximate extensions of  t h e  d ispers ion  curves down t o  frequencies near 
zero, thus  enabling t h e  computation of  waveforms with leaking modes included. 
Note t h a t  kI  is zero above 
For frequencies a t  which Vn is  computed, 
TRANSITION OF MODES FROM NON-LEAKING TO LEAKING 
A more p rec i se  approximation t o  D(w,v) i n  t h e  v i c i n i t y  of cu to f f  [ i .e. ,  
near t h e  p o i n t  ( w ~ , v ~ ) ]  revea ls  t h a t  a d ispers ion  curve becomes t angen t i a l  t o  
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t h e  l i n e  G 2  = 0 a t  (wc,vL). 
frequency range i n  which t h e r e  a r e  no poles  i n  t h e  k- ( o r  v-) plane correspond- 
ing t o  a given n-th mode. 
mode and rad/sec f o r  t h e  GR1 mode. 
(corresponding t o  a mode) may e x i s t ,  it i s  evident t h a t  evaluation of t h e  
i n t e g r a l  over  k i n  Eq. (1) by merely including res idues  may be i n s u f f i c i e n t  f o r  
c e r t a i n  frequencies.  
from branch l i n e  i n t e g r a l s .  
demonstrates t h a t  a l l  cont r ibu t ions  from branch l i n e  i n t e g r a l s  a r e  i n s i g n i f i -  
can t  as previously assumed. 
reference 13, 
For w < %, t h e r e  is a very narrow gap i n  t h e  
This gap i s  of  t h e  order  10-13 rad/sec fo r  t he  GRo 
Since the re  is  a gap i n  t h e  range o f  frequencies far which a pole  
Thus it would seem appropr ia te  t o  include a cont r ibu t ion  
However, t h e r e  is  a l i n e  of reasoning which 
Further d e t a i l s  on t h i s  matter are provided i n  
EXAMPLE (HOUS ATONIC) 
Values of w/kR and k I  ca l cu la t ed  by t h e  per turba t ion  techniques out l ined  
above were used [with a rev ised  version of INFRASONIC WAVEFORMS ( re f .  14)] t o  
compute waveforms f o r  t he  case o f  s i g n a l s  observed a t  Berkeley, Cal i forn ia ,  
following t h e  Housatonic detonation a t  Johnson Is land  on October 30, 1962. 
A comparison of t h e o r e t i c a l  and observed waveforms f o r  t h i s  case i s  given by 
Pierce, Posey, and I l i f f  ( r e f .  9).  This case  a l s o  serves  as t h e  main example i n  
t h e  1970 AFCRL repor t  by Pierce and Posey ( r e f .  8 ) ,  and is  discussed by Posey 
( r e f .  15) wi th in  t h e  context of t h e  theory of t he  Lamb edge mode. 
atmosphere assumed here (winds included) i s  t h e  same as i n  Fig. 3-12 of refer- 
ence 8, except t h a t  i n  t h e  present  model t h e  upper halfspace begins a t  125 km 
r a t h e r  than a t  225 km. To avoid repeating tedious ca l cu la t ions  of the  k I  f o r  
t h e  GRo and GR1 modes f o r  t h i s  model atmosphere, it was assumed t h a t  t h e  k I  
would be c lose  i n  value t o  those shown i n  Fig. 5. 
In Fig. 6, s e t s  of  p l o t s  f o r  t h e  Housatonic case are shown with and without 
leaking modes. The waveform t h a t  includes leaking modes is  regarded as an 
improvement i n  t h a t  among o the r  th ings ,  t h e  spurious i n i t i a l  p ressure  drop shown 
i n  t h e  o r i g i n a l  waveform is  not  present  here. 
observed and t h e o r e t i c a l  waveforms are shown f o r  t h e  Housatonic case. On t h e  
b a s i s  of  t h e  ca l cu la t ions  described above, t h i s  f i g u r e  was redrawn and i s  
given here as Fig. 7. The only d i f f e rence  between t h e  two f igu res  l i e s  i n  t h e  
cen t r a l  waveform. The false precursor is absent i n  t h e  waveform shown i n  Fig. 
7 ,  and t h e  first peak t o  trough amplitude has been changed from 157 
170 ba r  ( l e s s  than  a 10% inc rease ) .  The remainder of t h e  c e n t r a l  waveform is  
v i r t u a l l y  unchanged. 
diminished and remains a t o p i c  f o r  f u t u r e  study. 
The model 
In Fig. 7 o f  re ference  9 
bar t o  
The discrepancy with t h e  edge-mode synthes is  has not been 
CONCLUD I N G  RE MARKS 
I t  was shown i n  t h i s  paper t h a t ,  f o r  a model atmosphere i n  which t h e  sound 
speed is  cons tan t  above some a r b i t r a r i l y  l a rge  he ight ,  t h e  GRo and GR1 modes 
have low cutof f  frequencies and are leaking below t h a t  height.  
facts, pe r tu rba t ion  techniques were provided f o r  t h e  computation of t h e  imagi- 
nary and real  p a r t s  k I  and kR, respec t ive ly ,  of t h e  hor izonta l  wave numbers f o r  
these  modes. 
a synthes is  o f  waveforms, cont r ibu t ions  from the  GRO and GR1 modes a t  frequen- 
c i e s  where these modes were leaking. 
inclusion' y ie lded  waveforms t h a t  were more real is t ic  than before.  
Given these  
Knowledge o f  t h e  k I  and kR then made it poss ib l e  t o  include, i n  
F ina l ly  it w a s  demonstrated t h a t  t h i s  
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(a) Original. 
(b) Deformed. 
Figure 1.- k-integration contours. 
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Figure 2.- Model atmosphere. 
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Figure 3 .- Dispersion curves. 
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Figure 5.- Curves of w/kR and kI. 
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Figure 6.- Numerically synthesized waveforms (Housatonie). 
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